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Abstract. A method is developed to treat the constraints in the spin wave theory and a new
Hermitian Bose transformation decorated by all constraints is found which is different from
those of Holstein—Primakofi or the Dyson—Maleev. The transformed Hamiltonian includes
both dynamic and kinematic interaction and it has been confined in physical proper space
automatically. A model Hamiltonian which has completely same eigenvalues is presented and
a scheme of approximation is described.

1, Introduction

The spin wave theory (SWT) has had a long history. Some Bose transformations have
been introduced, such as the Holstein—Primakoff (EP) {1], Dyson—Maleev (DM) [2,3] and,
recently, the Schwinger boson (8B) [4, 51 transformation. The most difficult problem is the
constraints in Bose transformations which are not included in the transformed Hamiltonian.
In principle, the transformed Hamiltonian is not equivalent to the original one so that it must
be confined in physical proper space (p$). In HP and DM theory, PS means that the number of
bosons at each lattice site must not be greater than 2§ where § is the spin quantum number.
Such additional constraints make the SWT very complicated and have been overlooked in
many published papers. In the case of large § and a three-dimensional (3D) system, the
excitation of the boson in non-physical space (so-called improper physical space (IPS)),
relates to the large fluctuation of spin and is small at low temperature for ferromagnetic
systemn. However, it may become large for low-dimensional systems, especially for the
antiferromagnetic system. Therefore, the additional interactions induced by those constraints
in HP or DM theory must be considered carefully and it may be significant in some properties
of the system. The SB theory has become more popular recently in the study of the strongly
correlated electronic systern and two-dimensional (2D) antiferromagnetic systems. The
constraints of Bose transformation in SB theory require that the total number of Bosons
with both spin up and spin down at each site must be 1. Lagrange multipliers y; have been
introduced to incorporate the constraints into the transformed Hamiltonian, then a mean-field
approximation is taken to substitute all {z;} with an average value . However, the mean-
field approximation for the constraints may not be valid for low-dimensicnal systems since
the fluctuation is large. In many cases, calculation beyond the mean-field approximation
may be necessary. In some previous works, we developed a method of step operator (ST)
[6,7] to treat the constraints for 3D ferromagnetic and antiferromagnetic systems. In our
method, the constraint of Bose excitations was transformed to some additional interactions
in the Hamiltonian. It gave us a way to consider both dynamic and kinematic interactions
completely. Recently, Wirobel and Barentzen have presented a unique boson expansion
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for a spin system [8]. In fact, their transformation in total Bose space is exactly equal
to our previous results [6] cited by the anthors. Although the transformed Hamiltonian is
exactly equivalent to the original one, it is too complicated due to the existence of giobe
constraints. Reference paper [8] gave an example for the 1D isotropic Heisenberg system
and only considered the second term in the interactions that include both the dynamical and
kinematics. It is necessary to study a more general scheme of approximation to treat such a
complex Hamiltonian. In this paper, 2 much simpler model Hamiltonian has been presented
and proved to have exactly the same eigenvalues as the original one. Therefore it could
be possible to do the calculations in considering the kinematic interactions. We will give
an example to show how we renormalize the total interactions including both the dynamics
and statistics for the 3D antiferromagnetic isotropic Heisenberg model. More applications
will be presented in separate papers.

One of the purposes of this work is to reformulate our previous method in a more
systematic manner for treating the constraints in the transformations of angular momentum
to Bose operator. In section 2, an intvoduction to the representation of the step operator
which was published in a Chinese journal [6] will be given. Meanwhile, we will present
some new considerations. In section 3, a new Hermitian Bose transformation of spin
operators is presented. The Hamiltonian of magnetic systems is transformed by means of
our new Hermitian transformation and their equivalence is proved in section 4. Additionally,
an equivalent model Hamiltonian which is simpler and has exactly the same eigenvalues as
the original ones is presented and a new scheme of approximation based on the correlation
functions is also described. An extension of our transformation to the SB theory is given in
section 5. An example to show how we can renormalize the interactions in the transformed
Hamiltonian is given in section 6 for the isotropic antiferromagnetic Heisenberg model.

2. Introduction of the step operators

According to [6], the step operator in Bose space is defined by
Biln); = |n); 0<ng2S
=0 nx>28+1 (1

where |n); denotes the excited state with » bosons at the ith site. In general, any state in
Bose space related to the {th site can be written

¥ = {P); + 1) (2)

where | P); is the component in proper space and |/); the component in improper space in
which the nomber of bosons is greater than 25, 5; has the properties:

G| P) =PY;

Gl =0

B, = |P); ®)
9?' =&

Therefore, 6; is a projection operator to the proper space and can be generally represented
by

£0
91‘ = Z B[a‘;“a‘{ (4)
=0 ‘
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where af (or g;) is the creation {(or annihilation) operator of bosons at the ith site. {B;} are
some coefficients. We have

alal = mi(m —1(ni = 2) - =1+ 1). (5)

where n; = g a, If we put equation (5) in (4) and use the conditions (1), then By can be
found [6] as the following .

1 I=0

0 I€ig2s
B = SO (6)
. =28y — M. (l —

D= -1 —2) - (- 29) 1325+ 1.

HEsH!
Expression (6) of By can easily be checked. If we put (4), (5) and (6) into (1), then it can
be found that

(~1)*(n + 25)!
6,128 +ny = [1 + Z T 1)1(k+25)(23'):||25+n);
=1 +M(n+2S)1/(2S):}|2s+n), n=1,2--- D
where
M =Y (~DH/l(n — B — DIk +25)]
k=1
= (28/n1) Y _(-D*ICE/(k +25)
k=0
= —@2S)/(n +25)!1. (8)
Therefore,
#1285 +n) =0 nzl. 9
It is easy to obtain the following equations:
[6;, n;]1- =0 (10)
agé‘l- = Z C;a?_laf (1 1)
=1
a) too = ZC;aﬂ ! - (12)
where
I I=1
=1 2128 3

(—1)2928

ESHHE -1 —-25-1)! [225+1
For example, for § = %,
B = (—1)}7'g - /1 120 i (14)
C; =Dty 121 (15)
For a more general 5, expressions (6) and (13) can be rewritten into a simpler form:
B = (1" -1){—-2)-- - —25)/12HNN 120 (16)

Cr= (=D -2 —3)--- (1 - 28)/[(2S — DN iz1. (17)
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3. Bose transformation of spin operators

There are three spin operators {S;, 57, 57} for each lattice and they satisfy following
commutation relations:

[S7, §1- = —28}
[S7, 8- =§; (18)
[Sf, SF]- = -S§;.

If we apply the transformation {T;} from the Hilbert space of the spin Hamiltonian to the
Bose one:

ST > flanal) 1)
75T = flal e
then the general form of the mapping can be represented by
TS =4
= 1
= Z Fka:k_ afB;
k=1 (20)

| nsrrt =4

28 .
=6 z Fka;‘ a1t
k=1

L

The position of §; in expressions (20) ensures that the space we work on is PS. Let us further
define the mapping of 5*:

[~=)
T,SiT = (-5 +alale; = Dal"af @1
k=0

where {D;} has been derived and is
Dy =—-8. B+ (. (22}

It can be found that

- ifk =0
1 if k=1
Dy=10 if2<71<28
s+ 1)k —2)(k —3)--- (K ~2§ .
(pps a?—ly; ¢ ) ifk>25+1

From the definitions of (20) and (21), all coefficients {F} can be determined by means of
the conditions of commutation (18). As an example, we discuss the most interesting case
of § = 1 and we have

lai6;, ia}1- = —2[—1 + ;). (23)



A complete Bose transformation in magnetic systems 3625

Therefore, F; must be 1 and all others {F;} zero. In this case, the transformation is
LSTT =3

= a,-6;

= 2 Ckagk_laf
nSiT =4

=& aT

=3 ka1 Ci “ﬂc !
TSI =[-1/2+a al]B

— Zk—o Dka”‘ k

where {C;} is defined by (15) and

(24)

D = (=171 + /2GR k2 0. (25

It can also be checked that all commutators of spin operators {S;”, S, 57} are satisfied and
the transformation (24) is Hermitian.

The physical system has N sites; any physical state in Bose space must be in Ps for
each site. Therefore we must introduce a total projection operator © to the Hilbert space
of N sites. It is defined by

© = HJ-—I
= P& (26)
b = Hﬁ; 6.

The following general transformation 7 must be done in the generalized spin wave theory:

(75777 = Pa,
= P/2S YL, Feal* s,
{ 757771 = PG} @n

= PO2S T2 Fa gk
| TSiT-! = P YR, Dealtal.

The projection operator P; must commutate with any operator at the ith lattice so that

{[ﬁ. & =0 %)

(Pl =0

In fact, we can use the following algebra to find the coefficients {F} in (20)
1 1/2
TS;'T_I = '\/2_5[1 - Ea}a;] a4;©

25
= P25y Fal o, (29)
k=1
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where
Fi=1
Fy= Y0 Cipl-1/@S)
= JT= 1735 -1, - (30)

F= Y02,  Clpl~1/@OHF@-1F2 128
Fi=0 [225+1

For example, for § = 1:

{F1=1 B=1/v2—1,-. Fo=0(k322) D)

G = (=Dl — (2 + D)/ 1Y I>1

It is not too difficult to find the {C;} for the case of larger S.

4. Transformed Hamiltonian and approximation

We have introduced the Bose transformation T, which is Hermitian, in the previous section.
In general, the Hamiltonian for a magnetic system has the form:

H=Y 8y (32)

where Hj; is the Hamiltonian of a pair of sites {i, j}. After our new transformation, the
Hamiltonian becomes

H =THT™!
w -
=Y Pyl (33)
i
where
N
Pi=[] & (34)
k(L)
By = LGH; TG : (35)

As we know from the last section, the transformed Hamiltonian H’ is now exactly the same
as H.
From the definition of equation (38), we have
[P;j, Eij]— =0. (36)

Let us now define a model Hamiltonian A as follows:

N
H=3 Hy 37
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If E is an eigenvalue of the model Hamiltonian A and the eigenstate |y}, then

PHIY) = EPY)

, (38)
H'Plr) = EPjy).
If PlYr) 52 0, E is also an eigenvalue of the transformed Hamiltonian H’ with the
eigenfunction P|y). Meanwhile, if E is an eigenvalue of the Hamiltonian H’ with the
eigenfunction‘ [}, then we must have

PH'ly) = EP|Y)
HP|y) = EP|y) (39)
Hiy) = Ely).

Therefore, the eigenvalues of A’ can be found from those of the model Hamiltonian H.
The relative eigenstates can be obtained from the projection to PS. Hence, we can study the
model Hamiltonian H instead of H’'. Our transformation seems a little more complicated
than HP and much more so than DM since there are more terms in our Hamiltonian. However,
those additional terms just describe the kinematic interaction which has been missing in HP
and DM and may have a significant effect on the system in some cases. In which case, our
transformation may have the advantage of studying both the dynamic and kinematic effects
on the spin-wave properties. Meanwhile, our transformation is Hermitian, as is HP, but
not DM. Therefore, we have found a complete and exact Bose transformation for magnetic

systems.
Let us divide the Hamiltonian H into two parts:
{ H=Ho+ 1, (40)

Hi=H - H,.

H is selected as an unperturbed part and the remainder one, Hy, is considered as
perturbation. Hy has selution:

Hy|0) = Eo|0). (41)

According to perturbation theory, the eigenvalue E and eigenfunction [y} can be written
as follows

E=Ey+E +E+ 4B+
{ o+ Er+Ext o+ Ent )

¥y =10+ (1} +- -+ |y +- -

where E, and |n) are the nth order corrections from the perturbation H. In general, the
eigenstate |0) of Hy may not be a vector in PS and has some component in the improper
space. However, the eigenstate of /7 should be in PS so that the eigenfunction of H with
energy E must be

1) = Ply)
= P|0) + P} + -+ Py + -
=10) + 1D+ + 1AV 4+ ‘ “3)
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I} = Pln). (44)
In the first-order approximation, we assume the wavefunction to be
) = 10) = PI0) (45)
then the energy
E~ (01410)/(010)
= (0|4 P|0}/(0P10)

N
LA / 3 (012,66510)

isej i#j (46)

~ZO|H,,10 /(016:6:10) + Z {0161 2,110)c/{016:6;6%10)

i#j ' i#jik=n.a.
RN
where k = n.n., represents the sum of % taken through all of nearest neighbours of sites i
and j, and (0] - - - |0)¢ denotes an average only for linked terms where the diagram. should
include one link at least between the k site and { or j. Hence, we have a scheme of
approximation based on the correlation of sites. It is believed the terms with higher-order
correlation will give higher-order contribution. If one did a higher-order approximation,
then the term P|1) may be necessary in some cases. It is a way of doing some calculations
beyond the mean-field approximation for the constraint in transformation. An application

to the ground state of the 2D isotropic antiferromagnetic Heisenberg system will be given
in separated letters.

5. Bose representation of constraint in the Schwinger boson transforryation

The spin operators are represented by two Schwinger bosons [4,5] (m =1, |), namely
[B:m, b;r,'m,] = 8 8mpmy, With the constraint:

blbiy + bl by = 25. 47)
The transformation is

Si-z- = b!fbi-t
57 = b, by (48)
= ol biy — Bl b)),

If we discuss the most interesting case with § = -— the projection operator F; to describe
the constraint (47) can be represented as follows:

By = (g + nyy — 2n4 - 04)6149 (49)
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where 8;,, is the step operator defined in section 2. Using equation (12), we have
AimOim = Z Ckak bk (50)
where {C;} is defined by (15). If we define Cy = 0, then the operator F; can be written as

00
= Y [CkBi + BiCr —~ 2CiCie b5, bl b,
kk'=0

Z Griblioh bl B, 6D
k&=0 .

The coefficient Gy » is defined by
G = Ce By + BiCp — 2C,Cy (52)
whre C; and By have been defined by (6) and (13). Let us define

Py = (pp — gy » 1y Y0146

(33)
Z G4 blsbY BI} B,
FF=0
Pu = () — nyg - 0y Y000,
(54)
Z G, bl bE B bE,
k=0
Bi=Py+Fy (55)

where
Grry =GBy — CCyp
Grr,l = BiCy — GCr (56)
Gry = Grp s+ Grp. g

For the same reason as in section 3, we should introduce the total projection operator Q:

N
o=[[~

"
Q: = 1_[ P
ksti

Finally, the spin-boson transformation in SB theory should be replaced by

57

St = QiPybl by Py
ST = QiPybl, it Py 8
St = 10:{bl iy Py — Bl by Py ).
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6. An example for a 3D antiferromagnetic system

The three-dimensional (3D} isotropic antiferromagnetic Heisenberg (IAFH) model has been
studied many years ago [9]. Its problems seemed to have been resolved. However, in most
papers, only the dynamic interaction of the spin wave was considered. The kinematic
interaction induced by the constraints in Bose transformation was generally neglected.
In the antiferromagnetic case, particularly for the case § = %, there are large quantum
fuctuations which will induce a certain amount of the excitations of the spin wave even
at zero temperature. The probability that the number of bosons at each site is larger than
251 will not be negligible, so we must consider the constraints for Bose excitations. Our
complete Bose transformation has given an exact equivalent model Hamiltonian, It may
provide a method of calculating the total contribution from both the dynamic and kinematic
interactions. As an example, we will give the calculation of ground-state energy for the 3D
IAFH model for the case § = -;— The application to the case of the 2D IAFH model with a
square lattice may be more interesting and will be presented in a separate paper.
The Hamiltonian of AFHM is )

1
H= fZ I~ )8}S5+ 5 fZ:J(f ~ &)} S; + 57531 (59)
8 8

where the coupling, J(f — g), is positive and nearest neighbour. Let us divide square
lattices into two sublattices F and & and do local Bose transformation:

o0
Sy =dl =Y Cral*al (60)
=0
1 oC
Si=5 (1 - IZI: D,a}‘a}) (61)
Cret = (~1)'/ 11 Dy = (1@ + 1/, (62)

The transformation of S7 is the conjugate of Sy. Similarly, we can also find the
transformation for the sublattices G.

oo
t= =Y Crbl® 8 (63)

(o]
S = -%(1 -3 D,byb’g). (64)

The local constraint on the excitation of the spin wave in the transformation has been
included automatically. The transformed model is

1 - .
H= JZ J(f — 8555, — 3 fz: J(f — 8)(rb, +a}b}) (65)
8 8

where SJ‘E and S; are defined by (61) and (63). The Hamiltonian H can be expressed as
H=U+H+H (66)

1
Hy=| 3 J(f - o)alas +blby) = > J(F — g)¥ash, +albh)| (67
2 fig fe
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where Up = —& ’; 9 and H; describes the interaction of spin waves. Hs can be diagonalized
by means of the Bogolubov transformation. The excitation energy of the free gpin wave in
the representation of H, is

J(0 )
&g = ; ) 1- : (68)
v = (coskyd +cosk,d)/2 (69

where d is the distance between the nearest—nelghbour sites. In the representation of the
free spin wave, the averages (a}bg) {afbg) (afaf,} {arap), (bzb;} and {byby) must be
zero and

{alap) = F(f = £ — 335 (70)
(blbg) = flg —8") — 450 an
n = (alas) = (blay) (72)
(a}bl) = larb) = g(F — g) (73)

exp(—k-r) (74)

1 1
f(r)—NXk:m
1
g=g(d) =sz: ,_____1_?3

We can calculate the average {H) in the representation of the free spin wave by means of
the Wick expansion theorem without any approximation. For example,

exp(—k - d). (75)

(af'ak) = klalas) = kin (76)
(akbly = klg. (77)

From the Bose representation (61) and (64) of 5%, we have
1 1 [=] . i DO . 2 1 o0 - 2
(Ser;)=Z—E;Dkkln +Z{§Dk(k)!n ] +Z{§Dk(k—1)!kfz } X
1[1& v 2k 2
e DLk —2Dk*(k—1 Xeues ‘ 78
+4{2!; k(e — 2)1% )n} + (78)
where X = g2/n?. If we define

fln) =) Diktrt
k=1 (79)

= DM+ Dt = 0 4 20/ 1)
k=1
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nf'(n) =Y D(k — 1)k
k=
o
= (1K Dkt
k=1
n?fOmy =" Detk — DKk — 1)’
k=)

=Y (D k + Dk — Dt
k=1

(80)

(81)

where we have denoted the f®(n) as the kth-order differential of functions f(x) with .

Therefore, we can obtain

y 1
{838%) =4 — LF(m) + L F @) + HEX) () + W(nz XY FO(ny?

o PXP O .

(3hH?
Because
FO @) = (=1 + DI+ m)i2 k=1,2,---
we have
W = (%) F' () + (Tt)z[ffz’n)lztan)g 4ot @[ff“ PR+ -
Since
1 [k + =112 [n2X]¢
W[f(k)(n)]z(an)" = T e
_ (k412X
= A
2 k
_ 2 nX 1
=&+ [(1 +n)2] (14 n)*
we have
_ . n*X ]k 1
W= ;Gc"' D [(1 +n)2] (1+n)*

Let us define

Z- X g*
T Q+n)? T (1+n?

(82)

(83)

(84)

(85)

(86)

@®n
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The result of (S}Si,} is

(S3S5) =4 — 3 f () + L f (0 + W

i ,  Z(@4-3Z+ 2%
=3l = FOI+ = 2y
o1, Ze-3z+2%
T A +n)® T ML+ )l - Z)3
B 1+2
T Al nra—zy (38)
Similarly, we can obtain
T £
%(afbg + afb;) = (1+n(1 — 2% ) " (39)
Finally, we obtain
__ NJO [ 14Z 2
) =yt [(1-233 +4(1—Z)2] 0
where
__&
ST -

In the 3D case, we have

_{0.078 for NaCl type
"= 0.059 for CsCl type

and

_[0.1265 for NaCl type
= 10.0058  for CsCl type.

Therefore, the ground-state energy is

4(H) { —% — (0.097 — 0.0131) for NaCl type

NI® ~ | -1 -(©073-0.0080)  for CsCl type.

In the approximation of the free spin wave, the ground-state energy is

MUo+ Hyy | —3-0097 for NaCl type
NJ(© | -1-0073  for CsCl type.
The total correction of interaction in the first-order approximation is 0.0131 for NaCl-type
and 0.008 for CsCi-type systems. However, according to the results obtained by Oguchi
[0]. where they considered a part of the dynamic interactions only, the values are —0.0047
for NaCl-type and —0.0027 for CsCl-type systems, where we can find that the kinematic
interaction seems very important and could not be neglected. Our calculation is only in the
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first-order approximation; it might change significantly for a higher-order approximation.
However, the cancellation of the total kinematic interactions might not be expected.

In conclusion, we have developed a complete Bose transformation for a spin system with
any value of S based on the step operator representation. A model Hamiltonian has been
found which is simpler and has exactly the same eigenvalues as the original Hamiltonian.
The method has been extended to the Schwinger boson transformation. An example of an
application our method has been shown for an isotropic antiferromagnetic Heisenberg model.
The calculation shows that the constraints in the transformation could be treated as part of
a total interaction including both the dynamic and kinematic interactions, and the kinematic
interaction is important as well as dynamic interaction for quantum antiferromagnetic
systems. The method can be extended to any magnetic system in studying the ground-
state and low-temperature properties, such as the system including the uniaxial crystal-field
anisotropy term (D ¥, (S%)2), biquadratic anisotropic exchange interaction between nearest-
neighbour spin §; and §; (3_; GIG =5 - Sf)z), and perhaps other interesting systems
including spin operators. The method could be considered as an extension of conventional
spin wave theory. More applications should be investigated in the future.
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